Example Proof Segments of Proofs by (Regular) Mathematical Induction

Example Basis Steps:
Example Basis Step #1:
2
n(n+l
To Prove: Forallintegers n > 1, 13 + 23 + 33 + .- + n3 — [—(E——l:l

Proof: ( By Mathematical Induction )

[ Basis Step] Let n = 1.

Then, 13 +23 +33 +---+n3 = 13 = 1
n(nt+l) 1’ 1(1+1) 1°
and — = — = ]
2 2
n(n+l) 2
~Forn =1, 13 +23+33+---+n3 = —2——~ , by substitution.
[ End of Basis Step ]
Example Basis Step #2:
To Prove: 32” — ] isdivisible by 8, foreachinteger n > 0.

Proof: ( By Mathematical Induction )

[Basis Step] Let n = 0.

Then, 32" _ 1

30 _ 1 (0 and “O is divisible by 8“.

. Forn=0, “32" _ 1 isdivisibleby 8“ , by substitution.

[ End of Basis Step ]



Example Inductive Step Openings

“~xample Inductive Step Opening #1:

2
n(n+l
To Prove: Forallintegers n > 1, 13 + 23 + 33 + -0 + n3 = lt—(—-~—)
2

Proof: ( By Mathematical Induction )
[Basis Step] ... ... ... ... [EndofBasis Step]
[ Inductive Step ]

Let k be any integer such that k > 1.

k(k+l)

2
> } . [ Inductive Hypothesis ]

Suppose 13 + 93 +33 + oo 4 k3 = l:

(k+1)( (k+1) + 1) °

2

[NTS: (13+23+33+---+k3)+(k+1)3 =

[ The Inductive Step continues from here. ]

Example Inductive Step Opening #2:

To Prove: 32” — ] isdivisibleby 8, foreachinteger n > 0.

Proof: ( By Mathematical Induction )
[BasisStep]] ... ... ... ... [EndofBasis Step]
[ Inductive Step ]

Let k be any integer suchthat k > 0.
Suppose 32k — ] isdivisible by 8 . [ Inductive Hypothesis ]

INTs: 3281 _ { isduisibleby 8 . ]

[ The Inductive Step continues from here. ]



Example Inductive Step Opening #3:

To Prove: 5" 4 9 <« ", forallintegers n > 2.

Proof. ( By Mathematical Induction )
[Basis Step]] ... ... ... ... [EndofBasis Step]
[ Inductive Step ]

Let k be any integer such that k > 2.
Suppose 5" + 9 < 6" . [ Inductive Hypothesis ]

NTs: s g o gD

[ The Inductive Step continues from here. ]



Example Applications of the Inductive Hypothesis

—xample Application of the Inductive Hypothesis #1:

To Prove: Forallintegers n > 1, 13 + 23 + 33 Foeee 4 n3 — [

n(n+l) T
2

Proof: ( By Mathematical Induction )

[ Inductive Step ]

Let k be any integer such that k > 1.

Suppose 13 + 23 + 33 + -+ k3

- lik(k+1)

2
) :I . [ Inductive Hypothesis ]

(k+1)((k+1) + 1) ]°

2

[INTS: (13 +923 +33 +--.+k3)+(k+1)3 -

[ Now, ifweadd (k+ 1) to both sides of the equation in the Inductive Hypothesis, we obtain
an equation which is closely related to the (N T S ) equation that we need to show is true . ]

[ Continuing the proof ...]

By the Inductive Hypothesis, [ adding (k+1)> to both sides of its equation ],

"(13+23+33+'“+k3)+(k+1)3 _ [k(l;ﬂ) ]2 ) (k+1)3

[ The rest of the Inductive Step consists of algebraically proving that

[k(kﬂ) T v (k+1) (k+1)( (k+1) + 1)

2

2 2

which is tedious but straightforward to accomplish. ]



Example Application of the Inductive Hypothesis #2:

To Prove: 32” — ] isdivisible by 8, foreachinteger n > 0.

Proof:  ( By Mathematical Induction )

[ Inductive Step ]

Let k be any integer suchthat k > 0.

Suppose 32" — ] isdivisibleby 8 . [ Inductive Hypothesis ]

[ When working to prove a claim of divisibility by Mathematical Induction, immediately after making the

definition.]

.. By the Inductive Hypothesis, there exists an integer t such that 32" - 1 = 8t

[ In these “divisibility” proofs, you should immediately use the equation in the Inductive Hypothesis
to solve for the term of highest degree in terms of the lower-degree terms. ]

32" — 8t +1 by rules of algebra.
[NTS: 32(k+1) -1 - 8 s forsomeinteger s. The proof could continue as follows: ]
Since 32(k+1) _ 1 = 3(2k+2)_ 1 = (32)(32k) _ 1
- 9 (32k) -1 = 9 ( 8t + 1) — 1 by the Inductive Hypothesis,
- T2t+9-1 = 8(9t)+8 = 8(9¢t+ 1),
32("“) -1 = 8s, where s = 9t + 1, aninteger.

. 32k1) _ | isduvisibleby 8 .



Example Application of the Inductive Hypothesis #3:

To Prove: §" 4 9 <« ", forallintegers n > 2.

Proof. ( By Mathematical Induction )

[ Inductive Step ]

Let k be any integer such that k > 2.

Suppose 5" + 9 < 6" . [ Inductive Hypothesis ]

[NTS: 5(k+1)+ 9 <« 6(k+1). ]

[ Quite often, when applying the Inductive Hypothesis to prove “comparison statements involving
an inequality, we algebraically manipulate both sides of the ( n = k ) inequality in the Inductive
Hypothesis (either multiplying both sides by the same number, or by adding the same term to
both sides), and the goal in doing so is to make the left or right side (here, the left side) of the
new inequality equal to the corresponding side ofthe (n = k+ 1)inequalityinthe NT S
statement. The other side of the new inequality is an intermediate value which can be shown
to have the appropriate comparison ( here “<” ) with the other side of the (n = k + 1) inequality
inthe N T S statement. The complete (n = k + 1) inequality in the N T S statement now follows
by transitivity of inequality. ]

[ Continuing the proof ... ]

By the Inductive Hypothesis, 4 (5 k + O ) < 5 (6 k) [ from multiplying both sides by 5 ].

» 555159 < 5(6*F). e - 5551 45 < 5(6%).

mes, 5 9 436 < 5(6%). aa = 59 o 5(6%) - 36

Therefore, since also 5(6k) - 36 < 5.6 < 6-6° = 6(k+1),

(k+1)

5 + 9 <« 6(k+1) by transitivity of “less than”

[which is the (n = k+1) inequality in the N T S statement.] .



Example Closings of the Inductive Step and Proof Endings

cxample Closing of the Inductive Step and Proof Ending #1 :

2
n( n+l
To Prove: Forallintegers n > 1, 13 + 23 + 33 + -0+ n3 = |:~(—~)—
2

Proof: ( By Mathematical Induction )

[ Inductive Step ]

Let k be any integer such that k > 1.

Suppose 13 + 23 + 33 + -+ k3

[k(k+1)

2
5 :| . [ Inductive Hypothesis ]

2

(k+1)( (k+1) + 1)
2

3
(13+23+33+---+k3)+(k+1) =
- Forevery integer k suchthat k > 1,

k (k+1) ]2

13 +923 433 44 g3 = [ 5

(k) ((k+1) +1) |7

2

then (13+23+33+---+k3)+(k+1)3 =

[ End of the Inductive Step ]

n(n+l) :Iz

.13 4+ 93 3 4 ir 3 —
- +2° +3 n [ ’

for all integers n, by the Principle of Mathematical Induction. QED



‘: 'Example Closing of the Inductive Step and Proof Ending #2 :

ToProve: 32% _ | isdivisibleby 8, foreachinteger n > 0.

Proof: ( By Mathematical Induction )

[ Inductive Step ]

Let k be any integer suchthat k 2 o.

Suppose 3% — 1 is divisible by 8. [ Inductive Hypothesis ]

~ . 32Ak) _ 1 s divisible by 8.

. Foreveryinteger k suchthat k > 0, if 32 _ 1 is divisible by 8,

then 3%*¥1) _ 1 is divisible by 8.
[ End of the Inductive Step ] N
An ' R

~ 3 — 1 is divisible by 8, for each integer n 2 0,

by the Principle of Mathematical Induction. QFE D
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